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Abstract
For an arbitrary polynomial Pn(z) = zn − a1zn−1 + a2zn−2 +   + (−1)nan =
Qn
1(z− zj) with the sum of all zeros equal
to zero, a1 =
Pn
1 zj = 0, the quadratic mean radius is dened by
R(Pn):=
 
1
n
nX
1
jzjj2
!1=2
;
and the quartic mean radius by
S(Pn):=
 
1
n
nX
1
jzjj4
!1=4
:
This paper studies a Schoenberg-type conjecture using the quartic mean radius in the following form:
n− 4
n− 1S(Pn)
4 +
2
n− 1R(Pn)
4>S(P0n)
4;
with equality if and only if the zeros all lie on a straight line through the origin in the complex plane. c© 1999 Elsevier
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1. Introduction
Let Pn(z) be a given polynomial with real or complex coecients
Pn(z) = zn − a1zn−1 + a2zn−2 +   + (−1)nan =
nY
j=1
(z − zj); (1)
satisfying
a1 =
nX
j=1
zj = 0: (2)
The zeros need not be simple and the notation above, not using multiplicities, is used for the sake
of simplicity.
In 1986, Schoenberg [3] considered this type of polynomial Pn(z) and dened the quadratic mean
radius of the polynomial Pn(z) by
R(Pn):=
0
@1
n
nX
j=1
jzjj2
1
A
1=2
: (3)
He observed that the quadratic mean radius of Pn and P0n are related by a simple inequality and
oered:
Conjecture 1.
R(P0n)6
s
n− 2
n− 1R(Pn);
with equality if and only if all the zeros zj of Pn(z) lie on straight line.
This conjecture has been studied in De Bruin et al. [1] and Ivanov and Sharma [2].
Now; we introduce the quartic mean radius by
S(Pn):=
0
@1
n
nX
j=1
jzjj4
1
A
1=4
; (4)
and state:
Conjecture 2.
n− 4
n− 1S(Pn)
4 +
2
n− 1R(Pn)
4>S(P0n)
4;
with equality if and only if all the zeros zj of Pn(z) lie on straight line through the origin in C.
Denote the zeros of P0n(z) by wj (16j6n− 1), then Conjecture 2 can be rewritten as
n− 4
n
nX
j=1
jzjj4 + 2n2
0
@ nX
j=1
jzjj2
1
A
2
−
n−1X
j=1
jwjj4>0: (5)
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Schoenberg noted (for Conjecture 1) that the case of a polynomial with real roots only is simple:
the inequality turns into an equality.
The same holds in case of Conjecture 2! Write
n−1Y
j=1
(z − wj) = 1nP
0
n(z) = z
n−1 − n− 1
n
a1zn−2 +
n− 2
n
a2zn−3 −   + (−1)n−1 1nan−1; (6)
and assume all roots of Pn to be real (then so are those of P0n) and we nd
nX
j=1
jzjj2 =
nX
j=1
z2j = a
2
1 − 2a2 =−2a2;
nX
j=1
jzjj4 =
nX
j=1
z4j = a
4
1 − 4a1a3 + 2a22 − 4a21a2 = 2a22;
n−1X
j=1
jwjj4 =
n−1X
j=1
w4j = 2

n− 2
n
a2
2
:
Inserting these values into (5), we nd that it is identically zero.
In Section 2 the main results will be given followed in Section 3 by the proofs.
2. Main results
First a theoretical result (that also holds in the case of Conjecture 1):
Theorem 1. If Conjecture 2; equivalently formula (5); holds for a polynomial P(z) and m>2 is an
integer; then it also holds for Q(z) = P(z)m.
Now, we give several classes of polynomials for which (5) can actually be proved:
Theorem 2. Conjecture 2; equivalently formula (5); holds for
(a) degree P = 3;
(b) P(z) = (z3 − a3)mzn; m; n>1;
(c) P(z) = (zk − ak)m1 (zk − bk)m2 ; a; b 2 C; k>2; m1; m2>1;
(d) P(z) = (z2 + 1)n+1 − z2n+2; n>1:
Remark 1. As will become clear from the proofs in Section 3, a general method has not yet been
found: all cases considered are resolved using explicit calculations.
Remark 2. Adding polynomials like
P(z) = (z − a)m1 (z − b)m2 ; m1a+ m2b= 0; m1; m2>1
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and
P(z) = zk(z − a)m1 (z − b)m2 ; m1a+ m2b= 0; m1; m2; k>1
to the list is not necessary: by a simple rotation these reduce to polynomials having real zeros only.
For those the conjecture is true, cf. Section 1.
3. Proofs
As has already been remarked, the proofs consist of explicitly calculating the value of the left-hand
side of formula (5).
Proof of Theorem 1. For the polynomial Pn(z)=
Qn
1(z− zj) we have (1=n)P0n(z)=
Qn−1
1 (z−wj) and
formula (5) holds:
n− 4
n
nX
j=1
jzjj4 + 2n2
0
@ nX
j=1
jzjj2
1
A
2
−
n−1X
j=1
jwjj4>0: (7)
Now the zeros of Q(z) = P(z)m are again z1; : : : ; zn, with multiplicity m each and those of Q0(z) =
mP(z)m−1P0(z) are z1; : : : ; zn, with multiplicity m− 1 each and w1; : : : ; wn−1.
The expression on the left-hand side of (5) can now be calculated for Q:
mn− 4
mn
nX
j=1
mjzjj4 + 2(mn)2
0
@ nX
j=1
mjzjj2
1
A
2
−
8<
:
nX
j=1
(m− 1)jzjj4 +
n−1X
j=1
jwjj4
9=
;
=

mn− 4
n
− (m− 1)
 nX
j=1
jzjj4 + 2n2
0
@ nX
j=1
jzjj2
1
A
2
−
n−1X
j=1
jwjj4
=
n− 4
n
nX
j=1
jzjj4 + 2n2
0
@ nX
j=1
jzjj2
1
A
2
−
n−1X
j=1
jwjj4;
and this is the same expression as in (7).
The following lemma is needed for the sequel
Lemma 1. Let k>3 be an integer and u 2 (0; 1). Then
f(u):=k − 2 + 2u2 − ku4=k > 0:
Proof of Lemma 1. The function f is strictly decreasing for u 2 (0; 1) and f(1) = 0.
Proof of Theorem 2. Case (a): Put P(z) = (z − a)(z − b)(z − c); c = −a − b, then P0(z) = 3z2 +
(ab+ ac + bc). The conjecture reduces to the inequality
3− 4
3
(jaj4 + jbj4 + jcj4) + 2
9
(jaj2 + jbj2 + jcj2)2>2
ab+ ac + bc3

2
: (8)
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Using c =−a− b, this is equivalent to
4
jaj2jbj2 + (jaj2 + jbj2)ja+ bj2}>jaj4 + jbj4 + ja+ bj4 + 2ja2 + ab+ b2j2:
For a= 0 this reduces to an equality. In that case c =−b and the zeros are collinear.
Assume now a 6= 0 and write  = b=a; r = jj; x = Re  = r cos’, then the inequality turns into:
r2>r2 cos2 ’.
Again the inequality is correct and equality is only possible if r =0 or cos’=1. For r =0 we
nd a= 0 and thus c =−b: the zeros are on a straight line through the origin.
Finally, for cos’=1, we have b=a and again a; b and c are collinear.
Case (b). From the derivative
P0(z) = (3m+ n)(z3 − a3)m−1zn−1

z3 − n
3m+ n
a3

;
we see that (5) is equivalent to
3m+ n− 4
3m+ n
 3mjaj4 + 2
(3m+ n)2
(3mjaj2)2 −
(
3(m− 1)jaj4 + 3

n
3m+ n
4=3
jaj4
)
>0:
For a = 0, this reduces to an equality, in tune with the conjecture: all zeros (z = 0, multiplicity
3m+ n) on a straight line.
For a 6= 0, we divide out jaj4 and are left with a real number that has to be proven nonnegative:
3f(n2 + 2mn+ 3m2)− n4=3(3m+ n)2=3g
(3m+ n)2
>0:
The numerator is indeed strictly positive as can be seen from the expansion of (n2 + 2mn+ 3m2)3.
Case (c). Using the derivative
P0(z) = (m1 + m2)kzk−1(zk − ak)m1−1(zk − bk)m2−1
 
zk − m1b
k + m2ak
m1 + m2
!
;
formula (5) can be written in the following form:
(k − 2)(jaj4 + jbj4) + 2
 
m2jaj2 + m1jbj2
m1 + m2
!2
>k
m2a
k + m1bk
m1 + m2

4=k
: (9)
The change of the numerator m1jaj2 + m2jbj2 into m2jaj2 + m1jbj2 in the second sum follows from:
k(m1 + m2)− 4
m1 + m2
m1 − k(m1 − 1) + 2

m1
m1 + m2
2
= k − 2 + 2

m2
m1 + m2
2
:
For k=2 the conjecture then follows from the triangle inequality; the equality sign implies m2a2; m1b2
on the same half-line through the origin, thus the zeros a; b are collinear.
For k>3 the cases a= 0 and a 6= 0 are again treated separately.
For a= 0 we have to prove(
k − 2 + 2

m1
m1 + m2
2
− k

m1
m1 + m2
4=k)
jbj4>0:
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For b= 0 the conjecture obviously is true, and for b 6= 0 we can divide by jbj4 and are left with
(k − 2) + 2

m1
m1 + m2
2
− k

m1
m1 + m2
4=k
>0:
With u= m1=(m1 + m2), application of Lemma 1 shows that the expression on the left-hand side is
strictly positive and the conjecture is proved for this case.
When a 6= 0, write = b=a and divide formula (9) by a4:
(k − 2)(1 + jj4) + 2
 
m2 + m1jj2
m1 + m2
!2
>k
m2 + m1
k
m1 + m2

4=k
: (10)
Using the triangle inequality we infer that
(k − 2)(1 + jj4) + 2
 
m2 + m1jj2
m1 + m2
!2
>k
 
m2 + m1jjk
m1 + m2
!4=k
; (11)
implies (10).
For = 0 we have to prove
(k − 2) + 2

m2
m1 + m2
2
− k

m2
m1 + m2
4=k
>0:
This time, application of Lemma 1 with u = m2=(m1 + m2) shows the expression on the left-hand
side to be strictly positive and the conjecture is proved.
For  6= 0 we write x = jjk and u= m1=(m1 + m2) 2 (0; 1) and introduce
G(x; u) = (k − 2)(1 + x4=k) + 2(ux2=k + 1− u)2 − k(ux + 1− u)4=k : (12)
Then (11) is equivalent to G(x; u)>0 for x> 0.
The case k = 3 is equivalent to
G(x; u) = (1 + 2u2)x4=3 + 4u(1− u)x2=3 + 1 + 2(1− u)2 − 3(ux + 1− u)4=3>0; (13)
where u= m1=(m1 + m2) 2 (0; 1).
From
@G
@x
=
4
3
[(1 + 2u2)x1=3 + 2u(1− u)x−1=3 − 3u(ux + 1− u)1=3]
we see @G=@x(0+; u) =1 and, moreover,
@G
@x
= 0,f(1 + 2u2)3 − 27u4gx + 6u(1 + 2u2)2(1− u)x1=3
+ 12u2(1 + 2u2)(1− u)x−1=3 + 8u3(1− u)3x−1 = 0:
While (1 + 2u2)3 − 27u4> 0 on (0; 1), all coecients are positive and @G=@x has no zeros for
x> 0: G(x; u) is strictly increasing for x> 0. The conjecture then follows from
G(0+; u) = 2(1− u)3 − 3(1− u)4=3 + 1 = f(1− u)2=3 − 1g2f2(1− u)2=3 + 1g> 0:
For k>4 write:
G(x; u) = (k − 2 + 2u2)x4=k + 4u(1− u)x2=k + k − 2 + 2(1− u)2 − k(ux + 1− u)4=k ;
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then the partial derivative of G with respect to u is
@G
@u
= 4f(x2=k − 1)(ux2=k + 1− u)− (x − 1)(ux + 1− u)(4−k)=kg:
Straightforward estimates show
@G
@u
T 0 for x S 1:
From G(x; 0) = (k − 2)x4=k > 0 and G(x; 1) = k − 2> 0 it is then obvious that G(x; u)> 0 for
x> 0; u 2 (0; 1).
Case (d). Now,
P(z) = (z2 + 1)n+1 − (z2)n+1; P0(z) = 2(n+ 1)zf(z2 + 1)n − (z2)ng:
The 2n zeros of P(z) can be expressed using the primitive root of unity != e2i=(n+1):
z2 + 1 = z2!k , z2 = !
−k=2
2i sin(k=(n+ 1)) :
The zeros are not needed explicitly, only the sums of the squares and fourth powers of the absolute
values.
For the polynomial P(z):
j  zk j2 = 12 sin(k=(n+ 1)) ; j  zk j
4 =
1
4 sin2(k=(n+ 1))
(16k6n);
and for P0(z):
j  wk j4 = 1
4 sin2(k=n)
(16k6n− 1):
Formula (5) reduces to
n− 2
n
nX
k=1
1
sin2(k=(n+ 1))
+
1
n2
 
nX
k=1
1
sin(k=(n+ 1))
!2
−
n−1X
k=1
1
sin2(k=n)
: (14)
The Chebyshev polynomials of the second kind, dened by
Un(x) =
sin(n+ 1)
sin
; x = cos  2 [− 1; 1];
have the zeros xk = cos(k=(n+ 1)); 16k6n and thus
U 0n(x)
Un(x)
=
nX
k=1
1
x − cos(k=(n+ 1)) :
From the fact that U 0n=Un is odd for all n, we conclude
U 0n(1)
Un(1)
=
1
2
 U
0
n(1)
Un(1)
− 1
2
 U
0
n(−1)
Un(−1)
=
1
2
nX
k=1
1
1− cos(k=(n+ 1)) +
1
2
nX
k=1
1
1 + cos(k=(n+ 1))
=
nX
k=1
1
sin2(k=(n+ 1))
:
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A simple calculation shows
U 0n(1)
Un(1)
=
n(n+ 2)
3
;
and (14) reduces to 
1
n
nX
k=1
1
sin(k=(n+ 1))
!2
>1:
This is trivially true for n>2, with strict inequality as can be seen from 
1
n
nX
k=1
1
sin(k=(n+ 1))
!2
>
1
n
nX
k=1
1
sin(k=(n+ 1)) =
n+ 2
3
>
4
3
:
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